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1 Intr oduction

In this paperwe proposea contet-basedapproactto abstractheo-
rem proving. The challengestemfrom the needto identify an ab-
stractlevel for theoremproving where(lessimportant)information
can be temporarilyignored so that a (plan for a) proof of the ab-
stractedoroblemcanbe devisedto guidethe (re)constructiorof the
object-level proof. Contectualizationis realizedby preservingthe
logical structuref theformulasof the original representatiowhile
pushingthelessimportantsubformulasaccordingto a relevancere-
lation, into the hierarchicalsubcontgts. This representatiomllows
the problemto be graduallyunfoldedduring the proof searchpro-
cessby hierarchicallyexploring the subcontgts requiredto provide
supportfor the hypothesesisedin the proof plan.

The underlyinginferencemachineryis alsoequippedwith anas-
sertion application module which allows mathematicalassertions
suchasaxioms,definitions,theoremsandeven globalandlocal as-
sumptionsto be applieddirectly to a proof situationto obtaintheir
logical consequencg$rom theappliedproof situation)andfill in the
gapsopenedup by anabstract-lgel proof step.This guaranteethat
ourachievements two-fold: ontheonehand,we areableto carryout
effective techniqueso searctfor andconstruciproofsfor aproblem;
on the other hand,the constructedproof is readily at a sufficiently
high level of abstractiorsothatit canbe communicatedirectly to
humanmathematiciansvithout undegoing a proof transformation
processasrequiredby mostmachine-generatgaioofs.

2 Context-basedabstraction

While assertion-leel reasoningempaverstheoremproving systems
with the capabilityof makingconclusiondirectly from mathemati-
calassertiongse€6)), it cannotoffer muchin termsof mathematical
discoveriesand proving creatvity. Assertion-leel reasoningshares
with traditionaltheoremproving the samerepresentatiorviz. logi-
cal formulas,to formulatemathematicatheoriesand problems.On
theotherhand,mary solutionsto mathematicaproblemsrely onjust
oneor two key stepswhich mighthelpunfoldthewhole problemand
a proof of the theoremcould thensubsequentlye found by routine
applicationof standardinferencesteps.It is this capability of dis-
covering suchkey stepsthatis still missingfrom our assertion-leel
reasoningnechanismWe alsobelieve thatdifferentrepresentations,
generallyat differentlevels of abstractionare requiredto achieve
suchcapability

In therestof this papery following Gentzen5], we formulatethe
problemsof theoremproving assequent§® - F' wherel' U {F'} is

afinite setof wffs. Sequent$ormulatingproblemsarecalledprob-
lem theoriesin this paper To simplify the presentationye further
assumehatall quantifiersareremovedby skolemizationleaving the
formulaswith only freevariables.

Definition 1 Let a problemtheory ¥ be given, a contet for X is
a tuple (variables, constants, functions, relations, assertions},
where:

e variables is the setof freevariablesoccurringin X;

e constants is thesetof constant®ccurringin X. Thesencludeall
skolem termswhich are possiblyparameterize@n the variables
from variables;

e functions andrelations arethe setsof functionsandrelations,
respectiely, occurringin X;

e assertions is thesetof (local) assertionsvhich, atleast,contains
the definitionsof all domain-specifidunctionsandrelationsoc-
curringin X.

Definition 2 Let a problemtheory ¥ be given, a contetualized
problemof X is atriple Context : Body > Head, where:

e Contextis acontet for X;

e Headis aformulato be provedby theprover; and

e Body consistof two parts:
(a) Supportsis a (possiblyempty)list of supportlines Eachsup-
portline o consistsof: (i) a formula, calledthe supportformula
of o anddenotedas supp(o); and(ii) a (possiblyempty)list of
contetualized(sub)problemsgalledthe conditionsof o
(b) Conditions is a (possiblyempty)list of formulaswhich need
to be provedfor the problemto be completelysolved.

Let © be a contextualizedproblemfor the problemtheoryT" + F,

we will usethe accessof.” to obtain the appropriatefields in ,

e.g.w.Contextvariables is thesetof variablesdefinedin the context

of =. A contetualizedproblemr is well-definedif (i) all symbols
occurringin {r.Head} U {supp(s) : ¢ € w.Body} aredeclared
in its context, and(ii) Head is a subformulaof F'. In this paperwe

consideronly well-definedcontectualized problemsand will refer
to them simply as contetualized problemsunlessexplicitly stated
otherwise.

Example 1 In this examplewe considerthe challengeproblemfor
automatedheoremprovers (asproposedy Bledso€[4]) in elemen-
tary analysisto prove that“limit of sumis sumof limits”. Following
Bledsoewe will referto this problemasLIM+. The problemtheory
for LIM+ canberepresente@ly thefollowing sequent:

= wh_r}r;f(z) =1 Acclgr}lg(m) =Ly = wh_r}r;(f(z) +9(z))=L1+ Lo



Sincethe formal definition of the limit of a function F' at a cluster
pointa (seee.q.[2]) is:

lim F(z) =L &

T—ra

Ve0<e=>(F5.0<IAN(Vzx#aAN|z—a|] <d= |F(z)— L| <))

we can accordinglyexpandthe abore sequentwith the definition

of lim, andperformskolemizationand normalization,yielding the
z—

apancaecproblemtheory

0<e1=0<slos,(en) A (z1 #aN|zx1—a| <skos,(e1) = | f(x)—Li| <e1)A

0< 62:>0<S|052(€2)/\(m2 ;éa/\|a:2—a| <S|052(62) = |g(a:)—L2\ < 62)

= (0 < skoe = (0 < d A (sloz(8) # a A |sloz(8) —a| <6 =
|(f(skoz(8)) + g(sko2(0))) — (L1 + L2)| < skoc)))

This problemtheory can now be reformulatedin the proposed
context-basedanguageasdepictedn Figurel, whereS P;’s arethe

Problem: LIM+

variables: d : R; e; : R; €1 : R; ...

constants: skoe : R; skogy(0) : R;a,L,L1,L2 : R; ...
Context |functions: |.| : R - R; f,g: R—>R; ...

relations: <, <R x R; ...

assertions: Triangletheorem;Definitionsof |.|, +, —,0; ...

Head |(|(f(z)+ g(z)) — (L1 + L2)| < skoe

o1 :((0 < skoe); [1)

o2 ((shoe(8) £ a): [)

Supports |03 : ((|skos(6) — a| < 8); [SP{])

((If(=1) = L1| < e1); [SPY, SPy, SP3))
((lg(z2) — Lo| < e2); [SP, SPF, SP]))

Body o
4

g5

Conditions

Figurel. ThecontetualizedproblemLIM+.

contetualizedsubproblemgroviding thelocal conditionsfor there-
spectve supportghey belongto. For instance:

SPY =[]:[]>(0<4)

i.e. its context and body are empty and its headis the formula
0 < 4. Notethatthis is the local condition of the supportline .
Thatis, the proof obligationfor this subproblemis not necessarily
dischagedif a proof for the mainproblem,i.e. LIM+, doesnot use
thesupportformula(|skosz (§) — a| < 48). Thisis particularlyuseful
in e.g. proof by caseanalysisin which a (conditional)assumption
is only neededn oneof the casedut not the others.More complex
are the casesof the supportlines o4 andos which are essentially
have the samestructure.For instancewhen (| f(z1) — L1| < d1)
is invoked in a proof of (|(f(z) + g(z)) — (L1 + L2)| < sko.)

then the subproof obligations ; ‘ |z — a| < skos, (€1) ‘
(underthe support0 < skos, (€1)); and arerequiredto be

dischaged. Thesecorrespondo the subproblemsSP;t, SPy, and
SP3, respectiely.

3 The main algorithm

In the connectiormethod(see[3, 1)), first-orderformulasarerepre-
sentedastwo-dimensionabbjects(i.e. matrices) Thisrepresentation
enablegpowerful proof methodsandproceduresBy takingtherele-
vancerelationbetweenformulasinto accountwe canaddthe third
dimensiorto theabove representatiorBy pushingthegivenproblem

1 Obsere thatSPl3 inheritsthe supercontet for problemLIM+ in which
thevariabled andtheconstants< and0 aredeclared.

theoryalongthis dimensionwe areableto contextualize our prob-
lem, e.g.asillustratedin Figure 1 for the problemtheory presented
in Examplel.

Theideabehindalgorithm CONTEXTUALIZATION, whosedetails
aredescribedn thefull versionof this paperis to identify therole of
a subformulaoccurringin the problemtheoryin relationto the for-
mulasin focus.To thatend,we first reformulatethe problemtheory
{Ai,..., A} F Fintothegoalformulay = A1 A ... A A, = F.
Every subformulaof «y is thenassigned polarity which is either+
or — asfollows?

e v is assignedhepolarity +;

e |f aformulaF = =G is assignedhepolarity = thenG is assigned
thenggationof r;

e |f aformulaF = GV H,or F = G A H, is assignedhe polarity
« thensoareG andH.

Now, pravidedthepolarity of aformula¢ andtheconnectie link-
ing its immediatesubformulaswe canidentify the role of a subfor
mula of ¢ to the other e.g.if ¢ = ¢1 — ¢2 andis assignedhe
polarity — theng: providesthe conditionfor ¢» (equivalently, —¢»
providestheconditionfor —¢1), orif ¢ = ¢1 A¢2 andis assignedhe
polarity + then¢g; and¢, areindependenof eachotherandcanbe
consideredeparatelye.g.asdifferentsupportsfor a goalformula),
etc.

4 Discussion

OurapproacHor contet-basedbstractioraimsatreformulatingthe
problemto (hopefully) provide the connectionto the key stepsre-
quiredto unfold and solve the original problem.However, the con-
textualizationprocessstill critically dependson the relevancerela-
tion, viz. Rel, andthefocusof theproblem viz. F', aroundwhichthe
problemis contextualized.

Relevancehaslong beenrecognizedas one of the moreimpor
tantresearctareasf Al. For instancea specialissuedevotedto the
topic of Relevancewaspublishedoby Al Journalin 1997.As hasbeen
mentioneckarlierin this paperonewayto definearelevancerelation
for contextualizationis to consideronly atomicformulassharingat
leastoneproblem-specifig¢vs. domain-specifiandgeneral)symbol
asbeingrelevant.

Findingtheright partof theproblemto placethefocusonandcen-
ter all actvities for solvingthe problemaroundthe focusalsoplays
an essentiapartin the processof tackling mathematicaproblems.
For instance a standardepresentatioffor the proof of the problem
in Examplel waspresentedy BartleandSherber{2], calledthe*e-
d game”.Usingthisrepresentatiorthefocusformulaof theproblem
canbeidentifiedimmediately
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